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Abstract 
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We consider deformations of unbounded operators by using the novel construction tool 
of warped convolutions. By using the Kato-Rellich theorem we show that unbounded 
self-adjoint deformed operators are self-adjoint if they satisfy a certain condition. This 
condition proves itself to be necessary for the oscillatory integral to be well-defined. 
Moreover, different proofs are given for self-adjointness of deformed unbounded oper¬ 
ators in the context of quantum mechanics and quantum field theory. 
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1 Introduction 

The theory of deformation has an interesting and long history. Initially it was thought 
of as the so called mathematically rigorous path to the quantization of classical, 
i.e. Newtonian, observables in quantum mechanics (QM). However, only recently a 
rigorous apparatus was constructed in which quantized fields were deformed in order 
to describe quantum fields living on a quantum space-time. This major achievement 
was made popular under the name of warped convolutions, [GL07, BS, BLS11]. 
Usually, this method is used in the realm of quantum field theory to deform free 
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quantum fields and to construct non-trivial interacting fields which was done in 
[Ala, GL07, GL08, Lecl2, LST13, MM11, Mucl2[. It was also used in quantum 
measurement theory and quantum mechanics [Andl3, Mucl4[. One of the major 
advantages of this method is its easy accessibility to a physical regimen. 

By using this novel tool in a quantum mechanical context, we recast many 
fundamental physical effects involving electromagnetism. Moreover, we were able to 
produce gravitomagnetic effects and interaction between magnetic and gravitomag- 
netic fields by this deformation procedure. 

The idea developed in the QM-case was extended in [Mucl5b] to a relativistic 
quantum field theoretical context. We first defined a quantum field theoretical 
version of an operator that is conjugate to the second-quantized momentum. This 
is done by taking the QM-definition using the momentum operator and performing 
a second-quantization onto the bosonic Fock space. Next we deformed the conjugate 
spatial operator and obtained by calculating the commutator of the deformed coor¬ 
dinate operators terms resembling relativistic corrections to the standard Moyal-Weyl. 

One question still remains unanswered in the context of QM and QFT opera¬ 
tors namely, are the deformed unbounded self-adjoint operators self-adjoint? From 
the original work we know [BS, BLS11] they are at least symmetric if the undeformed 
operators are self-adjoint. It is a fact of life that in quantum physics we have to 
deal with unbounded operators; hence a thorough investigation of self-adjointness of 
deformed operators is given in this work. The author will give two different proofs 
concerning the self-adjointness of the deformed Hamiltonian and one proof in the 
QFT-case for the deformation of the Newton-Wigner operator. This is essential since 
in the physical world an observable is obliged to have real eigenvalues which is only 
guaranteed when self-adjointness is given. 

The question of self-adjointness for a general unbounded operator is further 
investigated. By imposing certain constraints on the action of the automorphisms 
of the group on the self-adjoint undeformed operator, essential self-adjointness 
follows by Wrist’s theorem. 

This work is organized as follows: In the second Section 2 we review the im¬ 
portant preliminaries for this work, i.e. we give a short but detailed summary 
of warped convolutions and the Kato-Rellich theorem. Deformations in quantum 
mechanics are described in more detail in Section 3, where the question of self¬ 
adjointness of the deformed Hamiltonian is answered. Section 4 is devoted to study 
the self-adjointness of the deformed spatial conjugate operator which is the generator 
of the QFT-Moyal-Weyl space-time. The last section investigates the intermediate 
relation between the well-definedness of the deformation and the self-adjointness of 
the resulting operator. 


2 Preliminaries 

2.1 Warped Convolutions 

In this section we write all basic definitions and lemmas of the deformation known 
under the name of warped convolutions. For proofs of the respective lemmas we refer 
the reader to the original works [BLS11, GL07]. 

The authors start their investigation with a C*-dynamical system (A,R"). It 
consists of a C*-algebra A equipped with a strongly continuous automorphic action 
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of the group R” which will be denoted by a. Furthermore, let be the Hilbert 

space of bounded operators on 34? and let the adjoint action a be implemented by 
the weakly continuous unitary representation U. Then, it is argued that since the 
unitary representation U can be extended to the algebra B{34?), there is no lost of 
generality when one proceeds to the C*-dynamical system (C* C B(J4?),W l ). Here 
C* C B(J4?) is the C*-algebra of all operators on which a acts strongly continuously. 

Hence, we start by assuming the existence of a strongly continuous unitary 
group U that is a representation of the additive group R n , n > 2, on some separable 
Hilbert space 34?. Moreover, to define the deformation of operators belonging to a 
C*-algebra C* C B(34?), we consider elements belonging to the sub-algebra C°° C C*. 
The sub-algebra C°° is defined to be the *—algebra of smooth elements (in the norm 
topology) with respect to a, which is the adjoint action of a weakly continuous 
unitary representation U of R™ given by 

a x (yA) = U(x) AU(x)~ l , ifR". 

Let V be the dense domain of vectors in 34? which transform smoothly under the 
adjoint action of U . Then, the warped convolutions for operators A £ C°° are given 
by the following definition. 


Definition 2.1. Let 9 be a real skew-symmetric matrix on R" w.r.t. a bilinear form, 
let A £ C°° and let E be the spectral resolution of the unitary operator U . Then, 
the corresponding warped convolution Ag of A is defined on the dense domain V 
according to 

Ag := J ag x {A)dE(x), (2.1) 

where a denotes the adjoint action of U given by ak(A) = U(k) AU{k)~ l . 

The restriction in the choice of operators is owed to the fact that the deformation is 
performed with operator valued integrals. Furthermore, one can represent the warped 
convolution of A € C°° by J ag x (A)dE(x), on the dense domain V C of vectors 
smooth w.r.t. the action of U, in terms of strong limits 

J ag x (A)dE(x)$ = (27r) _n lim JJ dx dy x(ecc, ey) e~ lxv U (y) ag x (A)$, 

where % £ ^(R ra x R") with x(OjO) = 1. In an intermediate step of showing this 
equivalence it was as well proven that V is stable under the deformation. The latter 
representation makes calculations and proofs concerning the existence of integrals 
easier. During this work we use both representations. 

The following lemma shows first that the two different warped convolutions 
are equivalent. Second, it demonstrates how the adjoint of the warped convoluted 
operator is obtained. 


Lemma 2.1. Let 9 be a real skew symmetric matrix on R” and let A £ C°°. Then 

(i) f ag x (A)dE(x) = / dE(x)ag x {A) 

(ii) (f ag x {A)dE(x))* C / a 0x (A*)dE(x) 

In the following lemma we introduce the deformed product, known as the Rieffel 
product [Rie93] by using the formalism of warped convolutions. The circumstance 
that the two are interrelated is due to the fact that warped convolutions supply 
isometric representations of Rieffel’s strict deformations of C'-dynamical systems with 
actions of R n . The definition of the Rieffel product, given by warped convolutions, is 
used in the current work to calculate the deformed commutators. 
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Lemma 2.2. Let 9 be a real skew-symmetric matrix on M" w.r.t. a bilinear form, 
A, B £ C°° and let $ £ T>. Then, the product of two deformed operators A, B is given 
by 

A g B g <$> = {A x g B) g <&, 

where the deformed product x g is the Rieffel product on C°° defined as, 

(A x e -B)4> = (27t) - ” lim J J dx dy x(ex, ey)e~ lxy a gx (A)a y (B)<&. (2.2) 

2.2 Kato-Rellich Theorem 

In order to make this work self-contained we write in this Section the Kato-Rellich 
theorem. In particular it gives a condition on the self-adjointness of an operator A + B 
if A is self-adjoint and B symmetric. 

Definition 2.2. An operator B is called A-bounded if 1){A) C V(B) and if there 
are constants a, b > 0 such that 

< a||A*|| +6||4 , ||, 4/ e 'D(A) 

The infimum of such an a is called the relative bound of B with respect to A. If the 
relative bound is zero, we say that B is infinitesimally small with respect to A and 
write B « A. Sometimes it is more convenient to use, instead of the former, the 
following inequality 

||J34'|| 2 < a 2 ||A*|| 2 + ill'll 2 , 4- € V(A). 

It is easy to show that the latter inequality follows from the former and vice versa, 
see [RS75b, Chapter X.6]. 

Theorem 2.1. (Kato-Rellich Theorem) Suppose A is (essentially) self-adjoint 
and B is symmetric with A-bound less than one. Then A + B is (essentially) 
self-adjoint on T>{A + B) = 2?(A) and essentially self-adjoint on any core of A. 

If A is bounded from below by 7, then A + B is bounded from below by 

7 — max(ah\ + b, --). 

a — 1 

The former theorem has an extension to the case of relative bound one, [RS75b, 
Theorem X.14]. 

Theorem 2.2. (Wiist’s Theorem) Let A be self-adjoint and B be symmetric with 
T>(A) C V{B). Suppose that for some b and all 4' £ T>(A), 

\ m \\ < iia*h+ 611 * 11 . 

Then A + B is essentially self-adjoint on 'D(A) or any core for A. 


3 Deformations in QM 

In this Section we study the self-adjointness of the minimal substituted Hamiltonian 
which is obtained by using warped convolutions in a QM context, [Mucl4]. Let 
us first shortly summarize the content of this work. We study deformations of the 
Laplace operator, i.e. the Hamiltonian of a non-interacting and non-relativistic 
particle. The generators of the deformation in the context of warped convolutions 
are chosen to be vector-valued functions of the coordinate operator. For the concrete 
proofs of the following lemmas and theorems we refer the reader to the original 
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work. The deformation of the Hamiltonian is performed by working in the standard 
realization of quantum mechanics, the so called Schrodinger representation, 
[BEH08, RS75a]. The operators (Pj,Xk) satisfying the canonical commutation 
relations, are given in this representation as essentially self-adjoint operators on the 
dense domain Here P 3 and Xk are the closures of id/dx and multiplication 

by Xk on J^R"), respectively. To apply the definition of warped convolutions, we 
demand to have self-adjoint operators that commute along their components. For 
this purpose we start with the following theorem, [RS75a, Theorem VIII.6]. 


Theorem 3.1. Let Q(.) be an unbounded real vector-valued Borel function on R™ 
and let the dense domain D q be given as, 


OO 

Dq = {<I>\ J \Qj(x.)\ 2 d((f, P x 4>) <oo, 

— OO 


j = 1,..., n}, 


where {P x } are projection valued measures on Sdf. Then, Q(X) defined on D q is a 
self-adjoint operator. 

Definition 3.1. Let B be a real skew-symmetric matrix on R” and let y G <5^(R" x 
R”) with x(0,0) = 1. Moreover, let Q(X) be given as in Theorem 3.1. Then, the 
warped convolutions of an operator A with operator Q, denoted as Ag, q are defined, 
in the same manner as in [BLS11], namely 

A b ,q ■= (27t) - " lim JJ dx dy e~ txy x(ex, ey)V(y)a Bx (A). (3.1) 

The automorphisms a are implemented by the adjoint action of the strongly continuous 

s-\k 

unitary representation V(x) = e lXkty of R" given by 

a x (A) = V(x)AV(x)-\ xeR". 


3.1 Deforming the Hamiltonian 

For a non-interacting and non-relativistic quantum-mechanical particle the energy is 
described by the Hamiltonian given as 


H 0 = - 


PjP J 

2m 


(3.2) 


Due to the physical relevance, we restrict the deformation to three space dimensions. 
The domain of self-adjointness and the spectrum of the free undeformed Hamiltonian 
Hq ([TesOl]) is given in the following theorem. 


Theorem 3.2. The free Schrodinger operator Hq is self-adjoint on the domain 
V(Hq) given as 


V{H 0 ) = H 2 ( R 3 ) = {ip e L 2 (R 3 )||P|V G T 2 (R 3 )}, 
and its spectrum is characterized by <j{Hq) = [0, oo). 

For the purpose of investigating the validity of the deformation Formula (3.1) for 
unbounded operators, a dense domain £ C ^(R 3 ) that fulfills additional requirements 
is introduced. 
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Lemma 3.1. Consider the self-adjoint operator 

Q(X) = X/|X| n , raeR. (3.3) 

Then, for all n there exists a dense domain £ C JP(WL 3 ) such that 

||{P i ,[Q,P']}$|| <oo, ||[Q ) P j ][Q,PJ>||<oo, 4>G£. (3.4) 

For n G R + we consider the domain £ which denotes the linear hull of the dense 
vectors [Thi81, Theorem 3.2.5] 

$(x) = x^x^xl 3 exp (--^J-), ki = 0, 1, 2, .... 

Proposition 3.1. Let Q(X) be a self-adjoint operator of the form 

Q(X) = X/|X|", n G R, 

and let (Po)b.q denote the deformed free Hamiltonian (see Formula (3.1)). Then, the 
deformation formula for the unbounded operator Hq, given as an oscillatory integral, 
is well-defined and the explicit result of the deformation is 

(Po)b,q$ = (Pj +i(BQ) k [Q k ,P j }) (P j +i(BQ) r [Q r , P*]) (3.5) 

where <& G £ C J^(R 3 ). 

The outcome of deforming the Hamiltonian with vector-valued functions of the 
coordinate operator is the so called minimal substitution. 

In the next proposition we give the resulting deformation of the momentum 
operator. 

Proposition 3.2. The deformation of the unbounded momentum operator, given as 
an oscillatory integral, is well-defined. Moreover, the explicit result of the deformation 
is given as 

P b,q®= + i{BQ) k [Q k ,P J ])<5>, V$g£CjP(R 3 ). (3.6) 

In order to settle the question of arbitrariness in the definition of the deformed 
free Hamiltonian the next theorem is essential. The arbitrariness stems from the view 
point that the deformed Hamiltonian could be defined as the scalar product of the 
deformed momentum operators. 

Theorem 3.3. The scalar product of the deformed momentum vectors is equal to 
the deformed free Hamiltonian (see Equation 3.5), i.e. 

(7J 0 )b,q4/ = -^P ) B ’ Q P^ q vI/, ^GfCy(R 3 ). 

3.2 Self-adjointness of the Deformed Hamiltonian 

In this Section we shall give two different proofs for the (essential) self-adjointness of 
the deformed operators. The first proof is done by using Lemma 3.1 and the Kato- 
Rellich theorem. In particular, our deformed Hamiltonian ( Hq)b,q is the sum of the 
free Hamiltonian and an additional term, i.e. 

(Ho)b.q^ = - (P,- +i(PQ) fc [Q fc ,P,-]) (P j +i{BQ) r [Q r ,P j }) 4> 

= P 0 $ - i{(BQ) fc [Q*,P,-],P J '}$ + {BQ) k [Q k ,P 3 ]{BQY[Q r ,P^ 

=: P 0 $ +V(X, P)$. 
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Remark 3.1. During the whole Section we set the mass equal to one half. This is just 
a matter of convenience and convention. Moreover, without loss of generality, one can 
choose the skew-symmetric matrix B to have the form P,j = e, j k B J , where £{j k is the 
three dimensional epsilon-tensor. Then, we are able to derive the following inequality, 

\{By)ie i \ < \/21B11y|. (3.7) 

This is easily seen by using Cauchy-Schwarz and the inequality |a| — |fr| < |a| + |6|. 

To simplify the forthcoming calculations let us give general formulas for the commu¬ 
tators 

[P„|X|-"]=*nX J |X|-("+ 2 ), (3.8) 

[Pj,X k / |X| n ] = i ( Vjk +nX k X j /\X.\ 2 ) |X|-". (3.9) 

Hence in order to show the self-adjointness of the deformed Hamiltonian it suffices to 
show that the Hq- bound of the operator valued function V(X, P) is less than one. To 
simplify the calculations we look at the explicit term P(X, P) by plugging X/|X|” for 
Q. For the simplifications we shall use Equations (3.8) and (3.9). Let us start with 
the first term, 

{{BQflQ^P^pi} = -i{(BX) k |X|“" (rjkj + nXkXj/ |X| 2 ) |X|-",P^} 

= -i{{BX) j \X\~ 2n ,pi} 

= -2i\X\~ 2n (BX) j P j , 

where in the second line we used the skew-symmetry of the matrix B, i.e. (BX) k X k = 
B k iXjX k = 0. Moreover, in the last line the canonical commutation relations and 
the skew-symmetry of the matrix B were used in order to prove that the commutator 
\(BX)j\X.\~ 2n , P- 7 ] is equal to zero. The last term of P(X, P) is fairly easy and can 
be simplified as, 

(BQ) k [Q k , Pj](BQ) r [Q r , P j ] = -(BX) k (BX) r r] jkV rj |X|“ 4 " 

= —(BX)j(BXy\X.\~ 4n , 

where here as well we used the skew-symmetry of the matrix B. Therefore, we can 
write the operator P(X, P) in its simplified form as 

P(X,P) = -2|X| - 2n (BX)jP j - (BX) J (BX) j \X\~ An (3.10) 

Lemma 3.2. The operator valued function P(X, P) is a symmetric operator on the 
dense domain £ C ^(M 3 ). 

Proof. For the first term of the object symmetry is proven straight forward, since the 
partial differentiation does not affect the X-dependent terms. This fact follows from 
the skew-symmetry of B. Furthermore, since the second term of the operator V (X, P) 
is merely a real-valued Borel function of the coordinate operator symmetry (and even 
self-adjointness) follows from Theorem 3.1. □ 

Theorem 3.4. The symmetric operator P(X, P) has an Ho-bound less than one 
for vectors of the dense domain £ C J/^IR 3 ). Therefore, the deformed Hamiltonian 
(Hq)b,q is a self-adjoint operator. 

Proof. The symmetry of the operator P(X, P) follows from the former lemma. Next, 
we start the proof by looking at the second much simpler term of the V (X, P), i.e. we 
want to show that 


||(PX) fc (PX) fc |xr 4 "<f>|! < a||Po*|| + &||*|| 
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for all $ G £ C J^(R 3 ) and a,b> 0. 

\\(BX) k (BX) k \X.\~ 4 n <f >\\ 2 = j d 3 x\(Bx) k (Bx) k \x.\~ 4 n $(x )\ 2 

< Jd 3 x 4|B| 4 |xr 8n+4 |$(a:)||$(a:)| 

~x(x) 

<\\x\\i\moo = j^mi 

<c 1 ||$||^<a 2 ||ff 0 $f + 6 2 ||$|| 2 , 

where the constant C\ is finite since for negative n and $ € J^(R 3 ) the resulting integral 
is finite and for positive n the integral exists as well which was proven rigorously in 
[GS68, Chapter 1, Section 3.6]. Let us further remark on the finiteness of the L°° 
norm of <f>. Since $ € ^(K 3 ) it is a subset of L P (M. 3 ) for p such that 1 < p < oo. The 
L°° norm of $ can only be zero if $ is zero, but in that case the inequality that we are 
proving would hold without any further work. Furthermore in the last lines we used 
the relation (3.7), the Holder-inequality and [RS75b, Theorem X.15, Equation X.22]. 
Now since for any a < 1 there is a b such that the former inequality holds the first 
part of V(X, P) has an Po-bound less than one. Next, we prove the boundedness for 
the second part of P(X,P). This follows similar arguments as the proof of [RS75b, 
Theorem X.22], 



< 11*11111^11! = -^rl|5*|| 4 < c 2 ||P^($)|| | 

3 l|3*||I 

= C 2 ||(1+|P|)-“(1+|P|)“P^($)||4 

< C2 ii(i + iPi)-“ii 4 |i(i + iPirp^($)ii, 

where a was chosen to be a fixed number in (3/4,1), which is a condition necessary to 
secure finiteness of ||(l + |P|) _Q j| 4 . hr the last lines we used the Holder and Hausdorff- 
Young inequalities and similar arguments hold for the finiteness of c 2 as in the former 
part. In particular for n < 0 the resulting vector 'F is in the Schwartz space and 
therefore the integral is finite. Now for positive n we need the argument that multipli¬ 
cation and differentiation leave the domain £ invariant (see [Thi81, Theorem 3.2.5]), 
therefore we are left with the argument that the integral exists for all n and vectors in 
8. Moreover, the L 4 norm of 9$ can only be zero if $ is zero (since $ £ £), as before 
in that case the inequality that we are proving holds as well. Hence, for the relevant 
term remaining we use the fact that for any a > 0 there is a b such that 

!|(l + |P|rP^(<I>)||<||(6 + a|P| 2 )^($)|| 

<a||A*||+6||*||. 

□ 

Remark 3.2. It is important to point out that for the two parts of the operator V (X, P) 
we have proven the relative A-bound. Now since the constant a can be chosen arbi¬ 
trarily for both parts (see former proof) the resulting overall constant can be chosen 
to be smaller than one. 
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Another proof is given by arguing that the deformed momentum operator is a 
self-adjoint operator. Now since we have proven that the square of the deformed 
momentum is the deformed Hamiltonian, self-adjointness follows. 

Theorem 3.5. The deformed momentum operator defined on the dense domain 
£ C ^(R 3 ), given as 

pJ B,Q = ( pJ +i(BQ) k [Q k ,PJ}), 

is an essentially self-adjoint operator. Therefore, the deformed Hamiltonian 

Hb,q = Pb.q 

is an essentially self-adjoint operator on the dense domain £ C JP^R 3 ). 

Proof. From [Thi81, Theorem 3.2.5] we know that the momentum operator is an 
essentially self-adjoint operator on the dense domain £ C ^(R 3 ). Hence, it remains 
to solve the question of self-adjointness for the second part of the deformed momentum 
operator. The second part is nothing else than a real-valued function of the coordinate 
operator, which is also self-adjoint on £, and therefore (see Theorem 3.1) by itself it 
is an essentially self-adjoint operator. From Theorem 3.3 we know that the deformed 
Hamiltonian consists of the square of the deformed momentum. Hence as before 
by the virtue of Theorem 3.1 essential self-adjointness of the deformed Hamiltonian 
follows. □ 


4 Deformation in QFT 


4.1 Bosonic Fock space 

The (d = n+ l)-dimensional relativistic bosonic Fock space is defined in the following. 
A particle with momentum p £ R™ has in the massless case the energy po = uj p = 
+ \/p 2 - Moreover the Lorentz-invariant measure is given by d n p( p) = d n p/(2ui p ). 

Definition 4.1. The bosonic Fock space is defined as in [BR96]: 

OO 

= 0 ^+, 

k -0 

where = C and the symmetric fc-particle subspaces are given as 

= {tkfc : 3F + x • • • x dV + t -4 C symmetric] 114 /a.. 11 2 < oo}, 

k—times 


with dV + := {p £ R d |p 2 = 0,p o > 0}. 

The particle annihilation and creation operators a, a* of the bosonic Fock space 
satisfy the following commutator relations 

[a c (p),a*(q)] = 2w p <5 n (p - q), |a c (p), a c (q)] = 0 = [a*(p), a*(q)]. (4.1) 

By using a c , a* the particle number operator and the momentum operator are defined 
in the following manner, 

N = J d n /j.(p)a* c (p)a c {p), = j d”p(p)p M a*(p)a c (p). (4.2) 


Remark 4.1. Since it is simpler in what follows we shall use from now on the terms of 
the annihilation and creation operators in the noncovariant representation, i.e. 


a(p) := 


Qc(p) 

V^p' 
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4.2 Deforming the Coordinate Operator 

In the context of QM the deformation of the coordinate operator with the momentum 
operator gave us the quantum plane of the Landau-quantization, (see [Mucl4, Lemma 
4.3]). 

Now by following the idea found in a QM context we calculate the commuta¬ 
tor of the deformed quantum field theoretical spatial conjugate operator by using the 
momentum for deformation. The resulting quantum spacetime is called the QFT- 
Moyal-Weyl spacetime, see [Mucl5b]. Now in order to give the spatial coordinate 
operator in a QFT-context we took the quantum mechanical unitary equivalence of 
the momentum and coordinate operator, given by the Fourier transformation, into 
account and performed a second quantization. 

Lemma 4.1. The spatial coordinate operator X on the one-particle subspace is an 
essentially self-adjoint operator on the dense domain ^(R"). Furthermore, its second- 
quantization is an essential self-adjoint operator on the dense domain J^R™)® C 
jp{jdf), which is the set of if = ■ ■ } such that ipk = 0 for k large enough 

and ifk G f or each k. Moreover, it has the following bosonic Fock space 

representation 

Xj = -i j d n pa*(p)^-a{p). (4.3) 

Lemma 4.2. The deformed operator that is obtained by deformation with warped 
convolutions, by usinq the momentum operator, is represented on the dense domain 

y(R n h by 

Xl = X j + (0P)° V j - (OP) 3 N. 

In the next step we give the commutator of the deformed coordinate operator. In 
order to make relativistic corrections more apparent we do not set the speed of light 
c equal to one. 

Theorem 4.1. QFT-Moyal-Weyl. The deformed commutator of the coordinate 
operators represented on the dense domain ^(R")® is given by 

i9ij = -2* (OoiVj/c - dojVi/c) N - 2i0 tJ N 2 , 

where V is the velocity operator given by 

Vj = f d n p^-a*(p)a(p). (4.4) 

J 

4.3 Self-adjointness of the Deformed Coordinate Operator 

An unanswered, but important, question in the context of the QFT-Moyal-Weyl is the 
self-adjointness of the deformed spatial coordinate operator. In this section we shall 
tackle this problem. 

Lemma 4.3. The part of the spatial operator obtained by deformation, i.e. (9P)° — 

{9P) 3 N, is a symmetric operator for vectors of the dense domain <5^(R n )®. 

Proof. The proof of symmetry, as always, is fairly easy and it is done by considering 
the operator in the scalar product w.r.t. the bosonic Fock space. Since we only have 
real functions of the momentum operator and the vectors are from the Schwartz space, 
symmetry follows. □ 

After showing symmetry the task remains to show the X-bound of the outcome 
from deformation. This is the result of the following theorem. 
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Theorem 4.2. The deformed coordinate operator Xg, obtained by warped convolu¬ 
tions, is a self-adjoint operator on the dense domain 

Proof. The proof is done by using the Kato-Rellich theorem. Hence, we show that 
Xg has a X-bound less than one for vectors of the dense domain =5^(11" ) 0 . Hence we 
want to show that 


||(Xg — X)$|| < a||X$|| + b||$||. 

In order to proceed we look at the explicit term 

II ((0P)° U - (0PYN) ej $\\ < II (0P)° Vl ej *\\ + II (epy ej N $II 

< |0o|||PV$|| + II (o 0 P 0 + O^ejPk) 1V$|| 

< |0o|||PV$|| + ||0 o iW$|| + V / 2|#j||PJV$|| 

< (|0 O | (||P 2 V 2 $||! + ||P 0 2 1V 2 $||I) + v / 2|0|||P 2 1V 2 $||5) 

x 11*11* 

||Mf 

1*1* 

where we used the Cauchy-Schwartz Inequality, for the spatial part of 6 Equation 
(3.7), for the temporal part 0°^ej =: Oq and the fact that our vectors belong to the 
Schwartz-space prove that the constant b is finite. As in the QM part we argue that for 
4> = 0 the inequality holds without further evaluation and hence this case is ignored. 
Note that we used the fact that the momentum operator, the velocity operator and 
the particle number operator commute and that the resulting operators evaluated on 
$ e ^(R n ) 0 are finite. □ 

5 Deformation of a General Unbounded Operator 

In this Section we shall prove the self-adjointness of a deformed self-adjoint unbounded 
operator. The proof is done by assuming the well-definedness of the deformation 
which is given as an oscillatory integral. Now the deformation formula, given by 
warped convolutions, is only well-defined in the strong operator topology for a subset 
of bounded operators that are smooth w.r.t. unitary representation U of R". 
In view of the fact that we deal with unbounded operators we have to show that 
the deformation formula, given as an oscillatory integral, is well-defined. For the 
subsequent discussion, let us introduce the notion of an oscillatory integral, ([Hor04], 
Section 7.8, Equation 7.8.1). 

Definition 5.1. Let X C R” be open and let r be an open cone on X x (R JV \{0}) 
for some N. This means that T is invariant under multiplication by positive scalars 
of components in R w . We shall say that a function (f> £ C°°(r) is a phase function 
in r if 

• <t>(x,ty) = t<f>(x, y) if (x,y) G T,t > 0. 

• Im <f> > 0 in T, 

• dip 0 in r. 

Then an integral of the form 


J e i ^b(x,y)dy, 


is called an oscillatory integral. 
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Another important notion in our subsequent discussion is that of a symbol ([Hor04], 
Section 7.8, Definition 7.8.1). 

Definition 5.2. Let m, p, S, be real numbers with 0 < p < 1 and 0 < 6 < 1. Then 
we denote by S™ s (X x R n ), the set of all b € C°°(X x K") such that for every compact 
set K C X and all 7 , /3 the estimate 

\&itfb(x,y)\ < C^ K { 1 + \ x \)™-pW+m, XG K, ye R", 

is valid for some constant >A . The elements S'™ s are called symbols of order to 
and type p , <5. 

By using the former definitions it can be shown [Hor04, Section 7.8, Theorem 
7.8.2], ([LW11]), ([Jos99]), that if to < — n + 1 the oscillatory integral converges to 
a well-defined function. In the case to > — n + 1, the oscillatory integral can still 
be defined in a distributional manner. The cases considered in this work belong to 
the second class. To prove that the deformation formula (3.1) holds in the case of 
an unbounded operator A , defined on a dense domain 'D(A) C Jtf of some separable 
Hilbert space Jif, let us consider the deformed operator Ag as follows 

('L,A e $) = (27r) -n lim JJ dx dy e~ lxy x(ex, «/)(<F ,U(y)ag x (A)$) 

=■ ( 27 r ) _n l™ JJ dxdye~ zxv x(^,ey) b{x,y) 

for 'F,<I> e V°°(A) := {$ e V(A)\U{x)$ e T>(A) is smooth in || • ||^r}. Thus to prove 
that the expression is well-defined, b(x, y) has to be a symbol. 

Lemma 5.1. Assume that the derivatives of the adjoint action of A w.r.t. the unitary 
operator U are polynomially bounded on vectors in T>°°(A), i.e. 

\\dfag x {A)n < Ct (1 + M) m - p|71 , V<h e V°°(A). (5.1) 

Then, b(x,y) belongs to the symbol class S™ 0 for S T>°°(A) and therefore the 
deformation, via warped convolution, of the unbounded operator A is given as a well- 
defined oscillatory integral. 

Proof. For the derivatives of the scalar product b{x,y) the following estimates hold 


U{v)<*0x{A)*) < HHX)%||||d>^(A)$|| 

< ||(-*A:)^||C' 7 (i + |*ir-^i ) 

S, v .✓ 

= '-C-i,P,K 

where in the last lines we used Assumption (5.1). To prove the second part of the 
statement we first define m(p) := to — p|'y| and use the former inequality, i.e. 


(27r) _n lim JJ dx dy e~ lxy x(ex, ey) dfd^b{x,y) 

< (27t) - " lim JJ dxdye~ lxy x(^x,ey)C 7t pj < ( 1 + |aj) m(p) 

< (27r) _n C 7i/3iA - Jim (^J dx (^J dye~ lxy Xi^ 2 y)^j Xi(^ix)^j (1 + M) 
= (2 tt)-" /2 C 7 ^ )A lim^ (^J dx 6(x) Xi(six)(l + |cc|) T 


m(p) 


m (p ) ] _ (J 


1,0, K- 


For another proof of the second statement we refer the reader to [LW11] and [Andl3, 
Theorem 1]. □ 
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Lemma 5.2. The operator Ag — To is a symmetric operator on the dense domain 
V°°(A). 

Proof. Since the undeformed operator T 0 is a self-adjoint operator for all vectors of 
T>(A) and r D°°{A ) is a dense subset of the domain, symmetry follows. For the first 
part of the operator, i.e. Ag symmetry follows easily from Lemma 2.1. □ 


Next, we come to the most important result of this current work. 

Theorem 5.1. Let the operator Ag fulfill the assumptions made in Lemma 5.1. Then 
the symmetric operator Ag — To has a relative A^-bound one and therefore Ag is an 
essentially self-adjoint operator on T>°°(A). 

Proof. The symmetry of the operator under consideration, i.e. Ag — To, follows from 
Lemma 5.2. Next we turn our attention to the relative To-bound. To do so, we first 
give the an inequality for the L 2 -norm of the deformed operator. For the following let 
us look closer at 

(U(y')ae x '(A)$, U(y)ag x (A)$) < ||a <te /(T)<F||||a 0 x (T)<f>|| 

<ct{i+\x'\r{\ + \x\r, 

where in the last line we used the assumption of polynomial boundedness (see Equation 
5.1). Hence by using this result, similar to the calculation in the proof of Lemma 5.1 
we obtain 


ll^ll 2 < cl 

where in the last lines we carried out a calculation and used the notation as the one 
in the proof of Lemma 5.1. Let us now use the former inequality to prove the relative 
To-bound of the deformed operator, 

||(T e -T 0 )$|| < ||T 0 $|| + ||T,$|| 

<||To*|| + pj|||$||. 

=:b 

By using Wiist’s Theorem (see Theorem 2.2) the essential self-adjointness of the op¬ 
erator Ag follows. □ 

Hence, it is interesting to note that for the deformation to be well defined we had 
to impose the polynomial boundedness assumption. However by doing so we were able 
to prove the essential self-adjointness of the deformed operator. 

6 Conclusion and Outlook 

In this work we gave two proofs for the self-adjointness of the deformed Hamiltonians 
given in [Mucl4]. One proof was done by using the famous Kato-Rellich theorem 
and the second one was performed by the use of functional analytic arguments. 
Moreover, we have proven the self-adjointness of the second-quantized deformed 
spatial coordinate operator [Mucl5b] that generates the QFT-Moyal-Weyl. 

For deformed fields, self-adjointess is usually shown by Nelson’s analytic vector 
theorem. Hence in that particular case essential self-adjointness is proven on a dense 
set of analytic vectors. This proof can be generalized to a more complex structure 
if one uses operators that are unitarily equivalent to the momentum operator for 
deformation. Among other properties this is the subject of investigation in [Mucl5a]. 
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However, the proof for general unbounded deformed operators was still open. 
To solve the general problem for an arbitrary self-adjoint unbounded operator we 
used the decay properties of the oscillatory integral. In particular this means that we 
have to have a sufficiently decaying oscillatory integral in order for the deformation 
to be well-defined. By using the inequalities that follow from this particular proof, 
Wiist’s theorem can be used to prove self-adjointness. 

Note that the operators in the QM and QFT case belong to the class satisfy¬ 
ing the assumption of polynomial boundedness w.r.t. derivatives of the adjoint 
action. 

References 

[Ala] Sabina Alazzawi. Deformations of Fermionic Quantum Field Theories and 
Integrable Models. Lett. Math. Phys. 103 (2013) 37-58. 

[Andl3] Andreas Andersson. Operator deformations in quantum measurement the¬ 
ory. Letters in Mathematical Physics, pages 1-16, November 2013. 

[BEH08] J. Blank, P. Exner, and M. Havlfcek. Hilbert Space Operators in Quantum 
Physics. Springer, 2008. 

[BLS11] Detlev Buchholz, Gandalf Lechner, and Stephen J. Summers. Warped Con¬ 
volutions, Rieffel Deformations and the Construction of Quantum Field 
Theories. Commun.Math.Phys., 304:95-123, 2011. 

[BR96] O. Bratteli and D.W. Robinson. Operator algebras and quantum statis¬ 
tical mechanics. Vol. 2: Equilibrium states. Models in quantum statistical 
mechanics. 1996. 

[BS] Detlev Buchholz and Stephen J. Summers. Warped Convolutions: A Novel 
Tool in the Construction of Quantum Field Theories. Quantum Field Theory 
and Beyond, pp. 107-121. World Scientific, Singapore. 

[GL07] Harald Grosse and Gandalf Lechner. Wedge-Local Quantum Fields and 
Noncommutative Minkowski Space. JHEP, 0711:012, 2007. 

[GL08] Harald Grosse and Gandalf Lechner. Noncommutative Deformations of 
Wightman Quantum Field Theories. JHEP, 0809:131, 2008. 

[GS68] I.M. Gel’fand and G.E. Shilov. Generalized functions. Generalized Func¬ 
tions. Academic Press, 1968. 

[Hor04] L. Hormander. The Analysis of Linear Partial Differential Operators II: 
Differential Operators with Constant Coefficients. Springer, 2004. 

[Jos99] M. S. Joshi. Introduction to pseudo-differential operators. 1999. 

[Lecl2] Gandalf Lechner. Deformations of quantum field theories and integrable 
models. Commun.Math.Phys., 312:265-302, 2012. 

[LST13] Gandalf Lechner, Jan Schlemmer, and Yoh Tanimoto. On the equiva¬ 
lence of two deformation schemes in quantum field theory. Lett.Math.Phys., 
103:421-437, 2013. 

[LW11] Gandalf Lechner and Stefan Waldmann. Strict deformation quantization of 
locally convex algebras and modules. 2011. 



REFERENCES 


15 


[MM11] Eric Morfa-Morales. Deformations of quantum field theories on de Sitter 
spacetime. J.Math.Phys., 52:102304, 2011. 

[Mucl2] A. Much. Wedge-local quantum fields on a nonconstant noncommutative 
spacetime. Journal of Mathematical Physics , 53(8):082303, August 2012. 

[Mucl4] A. Much. Quantum Mechanical Effects from Deformation Theory. Journal 
of Mathematical Physics , 55(8):022302, February 2014. 

[Mucl5a] A. Much. Isospectral Deformations: The Massive Case. 2015. 

[Mucl5b] A. Much. Relativistic corrections to the Moyal-Weyl spacetime. Journal of 
Mathematical Physics , 56(2):022301, February 2015. 

[Rie93] M.A. Rieffel. Deformation quantization for actions of Memoirs A.M.S., 
506, 1993. 

[RS75a] M. Reed and B. Simon. Methods of Modern Mathematical Physics. 1. Func¬ 
tional Analysis. Gulf Professional Publishing, 1975. 

[RS75b] M. Reed and B. Simon. Methods of Modern Mathematical Physics. 2. 
Fourier Analysis, S elf adjointness. Gulf Professional Publishing, 1975. 

[TesOl] G. Teschl. Mathematical Methods in Quantum Mechanics, volume 99. 2001. 

[Thi81] W.E. Thirring. Quantum mechanics of atoms and molecules. A Course in 
Mathematical Physics. Springer-Verlag, 1981. 



